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Spherical ;o with Application to Flight Control Analysis
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Robust stability analysis problems for linear systems subject to real parametric uncertainties are treated. We
assume that uncertainties are restricted to a hypersphere in a parameter space. This constraint is represented by
an inequality with respect to the Euclidean norm of a parameter vector. From a statistical point of view, the use
of a spherical constraint can be justified if uncertain parameters are Gaussian-distributed random variables. We
define an extended version of the real structured singular value, which is referred to as spherical (real) p, for a
spherical uncertainty set. Geometrically, the reciprocal of spherical ;» means the radius of a guaranteed stable
spherical region. We newly develop an upper bound of spherical x, which is similar to a well-known upper bound
of standard p for a cubical uncertainty set, that is, parametric uncertainties subject to interval constraints. As
its counterpart, the spherical ;. upper bound can be computed by solving a linear matrix inequality problem. We
apply the standard and spherical p tools to a flight control problem. Through the numerical study, it is shown that
spherical p is less conservative than standard p.. The main contributions are the following: 1) An upper bound is
developed for spherical p. 2) It is shown that the use of spherical p is rationalized from a statistical perspective.
3) The newly derived upper bound is applied to the robust stability analysis of a flight control system.

I. Introduction

TABILIZING a closed-loop system is the most elementary ob-

jective of feedback control. Nevertheless, in practice, stability
is sometimes lost while feedback control systems work. The factors
threatening the stability of a feedback system are the differences
between a physical plant in operation and a mathematical model
for controller design. Some differences are caused by high-order
dynamics or nonlinearitiesthat are neglected for simplification, and
others can be regarded as variations of parameters includedin a de-
sign model. One of the most basic problems in robust control is to
determine whether a feedback system remains stable against those
various uncertainties. If a feedback system is stable for all elements
in a given uncertainty set, it is said that the system achieves robust
stability.

The structured singular value [(SSV) or ] and the multivariable
stability margin (or k,,) were simultaneously developed as robust-
ness measures for linear systems subject to structured, linear time-
invariant (LTT) perturbations.-? In short, k,, means the size of the
smallest uncertainty that makes a closed-loop system unstable, and
1 is defined as the reciprocal of k,,. According to these original
definitions, the uncertainty size is measured by the largest singu-
lar value of a block-diagonal matrix that describes uncertainty. If
a perturbation matrix is normalized such that the largest singular
value is less than one, the problem of proving robust stability be-
comes equivalent to determining whether w is one or less for all
frequencies. This is referred to as the small- theorem.®*

In this paper, we direct our attention only to real parametric un-
certainties. When uncertainty consists of only real parameters, the
SSV is, in particular, called real . In this case, the largest singu-
lar value of a perturbation matrix is equal to the maximum (or £,)
norm of the vector comprising uncertain parameters. An inequality
constraint with respect to the maximum norm, which is equivalent
to interval constraints on individual uncertain elements, defines a
hypercube in a multidimensional space of uncertain parameters.
Therefore, stability must be preserved everywhere inside of a cubi-
cal domainso thata system can pass the robust stability test based on
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the standard p tools.® In general, the vertices of a perturbation cube
are termed worst-on-worstcombinationsof uncertainties.In the real
engineering world, however, there certainly exist cases where the
conventional worst-on-worstapproachis too conservative. This dif-
ficulty is due to the use of the maximum norm to measure para-
meter variations.

From the motive just mentioned, we consider parametric uncer-
tainties that are restricted to a hypersphere in a parameter space.
This constraint is represented by an inequality with respect to the
Euclidean (or £;) normof a parameter vector. Because a hypersphere
with the unit Euclidean norm is inscribed to a hypercube with the
unit maximum norm, it should become easy to satisfy the require-
ment of robust stability. For such a spherical uncertainty set, we
define an extended version of real . This extension of u is referred
to as “spherical (real) u” throughout the paper. The reciprocal of
spherical  means the radius of a guaranteed stable spherical do-
main. Khatri and Parrilo® and Parrilo and Khatri’ recently studied
a spherical complex p problem where a perturbation matrix con-
sists of nonrepeated,complex uncertain parameters. We extend their
work to a more practical problem subject to possibly repeated, real
uncertain parameters. We newly develop an upper bound of spheri-
cal real p. This is similar to a well-known upper bound of standard
1 developed by Fan et al.® In robustness analysis, upper bounds
of w are usually used because they provide sufficient conditions
for robust stability. It should be noted that El Ghaoui et al.’ and
El Ghaoni'® addressed a lower bound of spherical i1 for parametric
uncertainties, though the term of spherical .« was not used.

For a numerical comparison between spherical and standard p,
both of them are applied to an engineering problem. We examine
the robust stability of an automatic landing control system for an
uninhabited reentry vehicle. The verification of flight control sys-
tems against uncertainty would be one of the problems in which p
analysis plays an important role. Other applications of w to flight
control problems are found in several references. ' 16

The main contributions of the paper are the following: 1) An
upper bound is developed for spherical j. 2) It is shown that the use
of spherical p is rationalized from a statistical perspective. 3) The
newly derived upper bound is applied to the robust stability analysis
of a flight control system.

This paperis organizedas follows. Section II describes the frame-
work of real u analysis and presents an engineering reason justi-
fying the use of the Euclidean norm instead of the conventional
maximum norm. Section III reviews standard . for completeness.
In Sec. IV, we define spherical u and develop its upper bound.
Section V provides an example problem. In Sec. VI, we make a
comparisonbetween standard and spherical u based on the numeri-
cal results. Section VII presents some concluding remarks. Finally,
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the Appendix gives state-spacedata so that the interested reader can
reproduce analysis results.

II. Preliminaries

A. Notation

We denote the sets of positiveintegers,real numbers, and complex
numbers by N, R, and C, respectively. We denote the n X n identity
matrix by 1,. If M is a matrix, M7 and M# stand for the trans-
pose and the complex conjugate transpose of M, respectively. This
applies to a vector as well. When ¢ is a complex number, ¢ stands
for the complex conjugate of c¢. For any matrix M, ¢ (M) denotes
the largest singular value of M and det(M) the determinant of M.
For a real symmetric matrix M = MT" e R"*", M >0 and M >0
denote x” Mx >0 and x” Mx > 0 for all nonzero x € R", respec-
tively. Similarly, for a Hermitian matrix M =M% e C"*", M > 0
and M > 0denotex” Mx > 0and x” Mx > 0 for all nonzerox € C",
respectively. For a real vector x € R", ||x||, denotes the Euclidean
(or £,) norm of x, that is, ||x|, =+/(x"x), and ||x|» denotes the
maximum (or £,,) norm of x, that is, || x|/, = max; (|x;|). A block-
diagonal matrix with A, A,, ..., A, on the diagonalis denoted by
diag(A;, A,, ..., A,). Finally, j denotes ./—1.

B. Framework of Real u Analysis

Figure 1 shows the standardblock diagram for  analysis.In gen-
eral, the matrix M € C"*" is the frequency response of a transfer
matrix that describes a nominal closed-loop system. We can assume
M to be stable without loss in generality. The matrix A € R**"
represents uncertainty includedin the system. In this paper, we con-
sider only constant, real, parametric uncertainties, and we assume
that A belongs to the set

A = {diag(8:1,,8:1,,, ..., 8,1,,)|5: € R} (1)
where ry, r,, ..., I, are positive integers such that
r+rttr, =0 2

In the succeeding discussions, we employ the parameter vector
§=108,8,....8,1" €R" 3)

along with the matrix A as a descriptionof uncertainty.In addition,
we define the vector r as

r=1[r,ry,....,r, 1" €N" 4)
for describing the block structure of A.

C. Uncertainty Model
In this paper, unlike the literature on real u, we regard § as a
zero-mean Gaussian-distributedrandom vector with the covariance

S =s72I, (5)

where s is a positive real number. As is known from § being a
diagonal matrix, any elements of § are assumed to be statistically
independent. Additionally, each element of § is normalized such
that the s—o value (the standard deviation multiplied by s) is equal
to one. Note that any m-dimensional correlated Gaussian random
vector with anonzeromean value can be defined as an affine function
of §. Therefore, the assumption on the covariance in Eq. (5) has
generality.

Fig.1 Standard interconnection struc-
ture for p analysis.

Probability density

Contour
line

Worst-on-worst
combination

Fig.2 Probability density in two-dimensional case.

D. Interval and Spherical Constraints

Let us consider constraints on § that define uncertainty do-
mains where the system in Fig. 1 should remain stable. A conven-
tional approachis to handle interval constraints on individual scalar
components:

16;1 <1, i=1,2,....,m = |8l <1 (6)
Componentwise interval constraints are equivalent to an inequality
constraint with respect to the maximum norm. Interval constraints
would be appropriate if § consisted of uniform-distributed random
variables or deterministic variables that define an operating enve-
lope. The inequalitiesin Eq. (6) define a hypercube in the § space,
whichincludes worst-on-worstcombinationsof uncertainties. How-
ever, because we assume § to be a Gaussian random vector and a
value of more than three is usually assigned to s in most engineering
problems, such worst-on-worst combinations rarely occur. This is
illustrated by the probability density of § in Fig. 2. Thus we need a
more realistic constrainton 8.

As understood from Fig. 2, the most meaningful constraint on §
would be one with respect to the probability density of §. Such a
constraint excludes combinations of rare occurrence. Specifically,
the region where the probability density of § is greater than the s—o
level becomes a hypersphere with the unit radius, which is written
as

8T8 18 <52 < |8], < 1 7

These inequalitiesreveal that a spherical constraint on § has a clear
statistical meaning, and this justifies the use of the Euclidean norm
to measure the size of §. We consider the system in Fig. 1 to be
robustly stable if it is stable for all § such that |5, < 1.

III. Standard p

In this section, we review standard real p for comparison with
spherical 1, which is defined later.

A. Definition of Standard p

Definition I: The standard structured singular value ., (M) of a
complex matrix M € C"*" with respect to a block structure r € N”
is defined to be 0 if 1, — AM is nonsingular for all A € A and

Moo (M) = 1/min{[I8]lc|A € A, det(l, — AM) =0} (8)
otherwise. O
Asseen from Eq. (8), 1/ meansthe size of the minimum hyper-
cube that makes I, — AM singular. Because ||§]|o, = max; (|5;]) =
o (A), nonzero o can be written as

Lo (M) = 1/min{G (A)|A € A, det(I, — AM) =0}  (9)

where o () stands for the largest singular value. This expression is
identical with the original definition of u by Doyle.!
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B. Upper Bound of Standard p
As the small-p theorem™* claims, the closed-loopsystemin Fig. 1
is stable for all A € A subjectto ||§|l, < 1if and only if

SUP fhoo[M (jw)] < 1 (10

weR

Unfortunately, it is probable that there are not polynomial-time al-
gorithms to compute an exact value of (1. This means that com-
puting p« itselfis intractable unless the problem sizes n and m are
very limited. To avoid this difficulty, we usually use upper bounds
of 1o that can be computed in polynomial time, because & upper
bounds provide sufficientconditionsfor the robust stability criterion
in Eq. (10). A well-known upper bound of 1t is the one that was
developedby Fan et al.® Denoted by i, the upper boundis defined
as

Hoo(M) = inf
DeD,GeG

{a > M DM+j(GM—-M"G)—a>D < 0}
(11)

where

D= {diag(Dl, D,,...,D,) > ()|DI_ =D e (" X,.l.} (12)
G = {diag(G,Gs, ..., G,)|Gi =G e >} (13)

Computing ji., is formulated into the following generalized eigen-
value minimization problem (GEVP) subject to linear matrix in-
equality (LMI) constraints'’:

Minimize a? subject to

0<D, MYDM + j(GM — M"G) < &*D (14)
This optimizationproblemcan be solved usingefficient polynomial-
time algorithms based on interior point methods.'®:1

For verifying robust stability exactly, the optimization problem
in Eq. (14) must be solved for all frequencies. In practice, such
things are impossible to execute. A common practice is to compute
Mool M (jw)] at a finite number of frequency grids. However, it is
known that real 1 upper bounds can be discontinuous functions of
frequency. Consequently, it is possible to miss sharp peaks between
frequency grids. Feron proposed a heuristic technique to bypass this
issue.2’ Feron’s method slightly modifies the optimization problem
in Eq. (14) so that the second constraint can be satisfied at the
neighboring two frequencies.

IV. Spherical

In this section, we formally define spherical u and develop its
upper bound for numerical analysis.

A. Definition of Spherical u

Definition 2: The spherical structured singular value p,(M) of a
complex matrix M € C"*" with respect to a block structure r € N
is defined to be 0 if I, — AM is nonsingularfor all A € A and

w2 (M) = 1/min{|8]2|A € A, det(/, — AM) = 0} (15)

otherwise. O

Geometrically, 1/14, denotes the radius of the minimum hyper-
sphere thatmakes I, — AM singular, thatis, the size of a guaranteed
stable region measured by the Euclidean norm. Figure 3 compares
o With 1y, in a two-dimensional case.

52

ALY

Stable Unstable /

_ _ O
w2~ | oo™

Fig.3 Geometrical comparison of standard and spherical .

det(In—AM)=0

B. Upper Bound of Spherical x

Like 11, it would be difficult to compute an exact value of .
Alternatively, we provide a tractable upper bound of y, in the form
similar to Eq. (11). The main result of this paper is summarized into
the following theorem.

Theorem (main result ). For amatrix M € C" *" and a block struc-
ture r € N", define ,(M) as

Ho(M) = inf
FeF.GeG

{a > 0|M"(FoL,)M + j(GM — M"G) — &*F < 0}

(16)
where
F={F|FeC'™", F=F">0} (17)
Then, the following inequality holds:
H2(M) < 12 (M) (18)
O

We can obtain a numerical value of [, by solving an equivalent
LMI problem with respect to o, F, and G. A MATLAB® program
can be easily implemented using commands from the LMI Control
Toolbox.!

In the theorem, a special operator depending on a block structure
is employed. For two matrices A € C"*" and B € C™ *™ thatrelate
through a block-structurer € N such that

m

E r=n

i=1

the product AOB is defined as

Allbll A12b12 Almblm
r A21 b21 A22b22 A2mb2m
AoB = . . : 19)
Amlbml Am2bm2 AmmbmmJ

where A;; € C"" *’* is the (i, k) block of A and b;; € C is the (i, k)
element of B. This product is an extension of the Hadamard ele-
mentwise product of two matrices (see Ref. 6).
To prove the theorem, we employ the following three lemmas.
Lemma 1 (Schur complement) (see Ref. 18): Let P = PT,
Q =07, and R be real matrices. The LMI

P R
R 0 >0 (20)
is equivalentto
0 >0, P—RO'RT >0 (21)
O
_LemmaZ:LetAGC"X"andBeC’”X"’.IfA > 0and B > 0, then
A6B>0. ]

Proof of Lemma 2: If B >0, there exists a matrix C such that
CC=B,C=C# and C > 0. Therefore, the (i, k) element of B is
written as

bix = cirCip + CinCor + -+ + CimConi

= Cj1Ck1 T CiaCra + -+ CiCimy

= ZCUEM (22)

=1
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where ¢;; is the (i, /) element of C and ¢, is the complex conjugate
of ¢;. As aresult, we have

H
Cu-| Cll-|
r . r Co Co
AoB:E A : | : |
I=1 : J : J
Cmi Cmi

=Z diag(cl,l,.I seulny, .., cmll,.m)A

=1
X diag(cl,l,.I seuly,, ..., c,,,,I,.m)H (23)

Note that, for any matrix X € C"*", XAX*" >0 holds if A > 0.
Consequently, it has been shown that AcB >0if A >0 and B > 0.

O
Lemma 3 (multiplier)?’-?%: A matrix T € C"*" is nonsingular if
there exists a matrix C € C"*" such that CT +THCH > 0. o

Here we provide the proof of the theorem. This is based on the
same idea as that used for proving fi,, by Meinsma et al.??

Proofof theorem: LetC =a>F + jM" G forsome F € F, G €G,
and o > 0. Then, we have

C(I, — AM) + I, — AM)CH
= —W,(F,G) + M"(Fol, )M + o*F
—a*(FAM + M AF)
= —W,(F,G)+ M"(Fol,)M —«*M" AFAM
+o*(I, — AM)IF(I, — AM)
= —W,(F,G)+ M"[Fo(l, — a?587)|M
+o?(I, — AM)F(I, — AM) (24)
where
W, (F,G) = M"(FoL,)M + j(GM — M"G) —a*F  (25)

For deriving Eq. (24), we used that A = A" and GA=AG for
every A € A.
Applying Lemma 1, we obtain

1 1 Ty-1
8l <= <= ;—5 17'6>0

o
L, &
= ; 1120
0(2
= I,—a*88" >0 (26)

Because F > 0, it follows from Lemma 2 that Fé(lm —a?88T)>0
forall A € A suchthat||§], < 1/a.Consequently, it can be claimed
that
M7[Fo(I, —a®s8T)|M >0 27
if I8l <1/a.
As a result, from Eq. (24), we have
c,— AM)+ (I, — AM)C? > 0

forall A € A subjectto 8], < 1/a (28)

if U, (F, G) <O0. It follows from Lemma 3 that

(I, — AM) is nonsingularfor all A € A subjectto [|§]> < 1/a
(29)

if Eq. (28) holds. By the definition of u, in Eq. (15), it is verified
that u, (M) <« if Eq. (29) holds. Eventually, we have proved that
na (M) <aif ¥, (F, G) <O0.

Because (M) is the infimum of @ overall F € F and G € G that
satisfy W, (F, G) < 0, the inequality in Eq. (18) obviously holds. O

Delay u x' = Ax+Bu
modeis h y=Cx+Du [~
Lateral-directional
control law
Actuator u y Sensor
ud y
models X' = Ax+Bu models
q y =Cx+Du P

Lateral-directional
rigid-body model

Perturbation Petturbation
inputs outputs

Fig. 4 Block diagram of example flight control system.

V. Example Problem: Automatic Landing
Control System

In this section and the next, we apply the standard and spherical
1 tools to a practical flight control problem. We deal with an auto-
matic landing control system for an uninhabitedreentry vehicle. In
general, the aircraftlinearized equations of motion can be separated
into the longitudinal and lateral-directional systems, and here we
take up a lateral-directional control system, which includes more
uncertain parameters. Figure 4 shows the Simulink block diagram
for robust stability analysis. The perturbation matrix A is inserted
between the input and output ports. This block diagram can be eas-
ily transformed into the plant matrix M for w analysis in Fig. 1.
Each block will be explainedin detail later. Although actual sensors
installed on a vehicle measure not only rigid-body motion, but also
structural vibration, the analysis model in Fig. 4 ignores a structural
model for simplification. Therefore, the stability analysis based on
this model s valid only for a low-frequencyrange up to about 10 Hz,
where structural dynamics do not have serious effects.

A. Lateral-Directional Rigid-Body Model with Uncertainty
The states x, measured outputs y, and control inputs u of the
lateral-directional rigid-body model in Fig. 4 are as follows:

v _| lateral velocity (m/s)
roll rate (rad/s
Y= p | _ ( ) | (30)
¢ bank angle (rad)
r J yaw rate (rad/s) J
¢ "| bank angle (rad) —|
a, lateral acceleration (m/s?)
y=| | = (31)
p roll rate (rad/s)
r J yaw rate (rad/s) J
Sa aileron deflection (rad)
u= = . (32)
S, rudder deflection (rad)

We consider uncertainty in nine nondimensional aerodynamic
derivatives. The lateral-directional model including the uncertain
derivatives can be described in the form of the state-space linear
fractional representation (LFR):

o I e ALy = DA [C, Dy ]
y - Cl DH D12 11 22 2 21
X
X |: :| 33)
u

A =diag(8,,8,, ...,87, 851, 8o ) (34
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In this case, we have D,; =0, and the right-hand side of Eq. (33)
depends affinely on A. The LFR in Eq. (33) is equivalent to the
linear system with the fictitious output feedback:

X A B, B, X
=|C Dy Dy u, p=Aq (35)
q C, Dy Dy 14

where p and g are the perturbationinputs and outputs, respectively.
Note that this representationis used in Fig. 4.

The parametric uncertainties §y, &, ..., 9 are assumed to be
Gaussianrandom variables such that each 3-o valueis equal to one.
In other words, s in Eq. (5) is assumed to be 3. We letd,, 8, ..., 87
correspond to the variations of the nondimensional aerodynamic
derivatives C,, C;,, C,,, C, ., Cy ., C,, , and C, , respectively.
The remaininguncertain parametersare used to define the correlated
variations of C;; and C,, , which have a correlation coefficient of
—0.9 and are written as

AC,, [ (3oc, ) [ 08473 —053117[ 8 36
AC,, /(3oc,, ) —05311 08473 |8 | ©9

where AC;; and AC,, are the variations and oc, and oc,, are
the standard deviations of C;; and C,, , respectively. For the defi-
nitions of the aerodynamic derivatives, refer to textbooks on flight
dynamics, for example, Ref. 23.

B. Sensor, Actuator, and Time Delay Models
Sensors and actuators are modeled as the following first-order
systems with the identical time constants:

sensor: [1/(0.04s + 1)]11,, actuator: [1/(0.04s + 1)]1,

(37

For transport delay, we employ the first-order Padé approximation
with a delay time of 50 ms:

1 —0.025s

time delay: 170025 I

(38)

C. Lateral-Directional Control Law

The controller examined in this example is a gain-scheduled one
with guaranteed H, performance 2* For controllerdesign, the equa-
tion of lateral-directional motion was regarded as a linear parameter
varying (LPV) polytopic plant, which is a convex combination of
separate state-space plants at “vertex points” that overbound an op-
erating range. Table 1 summarizes the flight conditions at vertex
points used for controllerdesign. The controllaw is also given as an
LPV polytopic system, that is, a convex interpolationof vertex con-
trollers. Linear interpolation is made with respect to a measurable
scheduling parameter. In our case, Mach number was selected for
gainscheduling. By solvingan LMI problem, we obtained the vertex
controllers minimizing closed-loop H,, performance. See Refs. 19
and 25 for details. Although the performance objective included
high-frequency gain attenuation, any structured uncertainties were
not considered. For this reason, we decided to analyze the stability
robustness of the closed-loop system in this study. Robust stability
analysis was performed for LTI systems at the same vertex points
as those used in design with the scheduling parameter frozen.

Table 1 Flight conditions at vertex points

Case Angle of attack,
number  Altitude,m  Mach number deg
1 3000 0.493 3.02
2 800 0.400 3.48
3 200 0.365 6.29
4 10 0.244 9.26

VI. Analysis Results

Figure 5 shows the results of robust stability u analysis. In each
plotin Fig. 5, the standard i upper bound is depicted along with the
spherical u upper bound. The purpose of this comparisonis to eval-
uate how conservativethe newly derived spherical i upperboundis.
Because the Feron method® did not detect any discontinuities with
respect to frequency, we present the i upper bounds obtained from
the original GEVPs. We also computed standard v lower bounds
using the MATLAB p-Analysis and Synthesis Toolbox.’ In every
case, the gap between the peak values of the standard @ upper and
lower bounds is small. From these results, it turns out that the spher-
ical p upper bound is much less conservative than the standard p
upper and lower bounds. Standard . means the size of a guaranteed
stable hypercube in a parameter space. As can be understood from
Fig. 3, when such a hypercube touches an unstable region at a point
far from any of the axes, standard ;« becomes conservativein com-
parison with spherical . This explains the reason why the standard
1 results are very conservativein this example.

Itis said that,in general, i analysisis conservativecompared with
Monte Carlo analysis. To assess the conservativeness of the spher-
ical u upper bound from a probabilistic viewpoint, we conducted
Monte Carlo analysis?®?’ For each case, we computed the prob-
ability of stability based on 50,000 random data points generated
from the Gaussian probability density function. Table 2 compares
the peak values of standard and spherical u upper bounds with the
probability of stability.In cases 3 and 4, the peak values of spherical
1 are almost equal to one, and the probability of stability estimates
are more than 99.9%. These probabilities seem satisfactory for this
example because the reentry vehicle consideredhere is uninhabited.
However, they may be insufficient for inhabited vehicles. This com-
parison suggests that the newly derived spherical i upper bound is
not conservative even in comparison with the probability measure

Table 2 Numerical comparison of p peak values
and probability of stability

Case f analysis Probability of
number max, (feo) max,, (f12) stability, %
Y,
1 2.4290 1.1343 99.724
2 3.4541 1.5545 97.582
3 2.0374 0.9894 99.940
4 2.0956 0.9852 99.942
25 , — Spherical p
20+ Case 1 ,/J\ ----Standard
151 /// \\\
N\
10 —————— —= .
s N
gg | Case2 I,'\\
25| MY
20 !\
15 B //I/\\\
1.0 < h
05F "7 N
0.0 : ‘ = g

[ Case4

0.1 1 10 100
Frequency, rad/s

Fig.5 Results of robust stability p analysis.



1026

and can be used as a realistic robustness measure by choosing an
appropriate value for s in Eq. (5).

VII. Conclusions

In this paper, we have described spherical p for the robust sta-
bility analysis of linear control systems subject to real parametric
uncertainties. Spherical p is an extended version of the real struc-
tured singular value. Geometrically, the reciprocal of spherical ©
means the size of a guaranteed stable hypersphere. We have noted
that the use of spherical p is rationalized if uncertain parameters
are Gaussian-distributedrandom variables. The primary contribu-
tion of this paper is the developmentof an upper bound of spherical
1, which can be computed using efficient LMI software. Through a
practical numerical example, it has been shown that the spherical ©
upperboundis less conservativethan the standard . upper and lower
bounds. Furthermore, we have found that the newly derived spher-
ical ;o upper bound is not conservative even in comparison with
the probability measure given by Monte Carlo analysis. Because
uncertainties are often assumed to be Gaussian variables in real en-
gineeringproblems, the spherical u upper bound can be widely used
in place of the standard i upper and lower bounds.
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0 0 0

0 0 0

0 0 0

0 o 0

0 0 0
Columns 13 through 17

4.4766 0 0

0 1.8104 -0.086509

0 0 0

0 0.070875 -0.34039

[¢] 0 0

4.4766 0 0

0 0 0

0 0 0

0 0 0

0 0 0

0 0 []

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0
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Appendix: State-Space Data
The lateral-directional rigid-body model is

Dll
C2 D21

D12
D22

where AcR***, B, eR**?, B, e R**!, C, e R***, C, e R **,
D, €R**2, D, eR**"", D), €R"*2, and D,, eR"'*'". This
model containsthe state-space matrices A, By, Cy, and D, torepre-
sent the nominal relation between the control inputs and measured
outputs and has the five fictitious matrices, B, C,, D1, D,;, and
D,, to describe uncertainty in the aerodynamic coefficients; refer
to Eq. (35). The lateral-directional control law frozen at a flight
condition is described by the state-space model

K — Ak | Bx

Cx | Dk
where Ax € R'*1® B e R'** Cx e R**'® and Dg € R***. The
state-space data of P and K for case 1 (see Table 1) are given in

-161.7 -6.14 14.72
0.1342 -40.2 11.41
-0.577 0 0
-0.407 0.0793 -2.66
o] 0 0
0.075015 -6.14 14.72
Q 0 0
1 0 0
0 0 o]
0 0 0
0 0 o]
0 1 0
o 1 0
] 1 o
] 0 1
0 0 1
0 0 1
0 0 1
0 0 1
11.191 0 0
o] 5.6227 0.22012
0 0 0
] 0.22012 0.86613
0 0 0
11.191 0 0
o] 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0
-1.1347 0.13802
0
-0.044423 0.54308
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0

Fig. A1 Lateral-directional rigid-body model for case 1.



Columns 1 through 6
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-6.3048 -2.7538 6.1397
-114.3 61.123 99.807
-633.33 5.1817 102.1
-6.5215 ~-104.15 18.844
-291.75 151.62 -2.5425
-3.4421 5.3497 -0.22962
1.2972 56.243 0.9014
956 .45 -1299.5 -10.541
703.71 189.96 -15.27
1800.7 283.66 -33.895
-953.13 1057.4 10.362
-518.41 1800.2 -46.693
3118.1 238.05 32.243
-727.17 7.6358 87.739
-216.57 417.58 90.37
-1958.6 233.08 -73.174
-1.0933 -3.9437 0.033823
6.6651 -1.4538 -0.095495
Columns 7 through 12
11.786 0.6176 -7.9387
-24.133 0.6558 12.523
0.7988 -3.2023 -2.1548
-3.1711 -4.4393 8.2228
-2.0555 -4.7131 3.3568
-7.0154 -0.65847 -9.5715
-11.072 15.094 -1.6049
19.427 -157.24 6.7272
-2.0436 6.4916 -40.388
7.2704 -2.4857 -58.468
-0.17801 -2.88 -0.23971
2.4619 1.1326 -2.5994
14.973 -0.7045 ~10.723
-2.5149 -2.6621 0.48272
-23.79 2.3553 18.571
-42.912 -8.5545 27.618
0.0086051 0.000831 0.0046559
0.01651 0.0020796 -0.0072498
Columns 13 through 18
~-2.017 -4.0649 5.0383
-5.1132 -158.03 -120.28
-18.445 ~-178.73 -9.8009
-10.168 -15.821 127.52
2.0653 6.9923 -186.71
0.068663 0.55012 ~-6.5463
-3.6411 8.1747 -64.386
15.399 -3.1988 1566 .5
45.462 -8.1581 -230.97
98.502 -5.8969 -343.55
-4.9662 -7.7627 -1301.7
7.1295 66.907 -2215.2
-19.283 -51.99 -293.92
-14.468 -146.41 -12.604
-1.2107 -123.63 -563.11
0.2529 8.57¢9 -259.24
-0.15937 0.0074415 4.7603
0.307¢ -0.042156 1.7448
Columns 19 through 20
-1.2459 -2.289
3.2991 3.4041
-2.8148 2.161
1.3054 0.28736
0.44748 -1.0733
~0.096757 -0.20641
0.57513 -3.3422
0.11186 -0.11686
-0.26979 2.1066
0.17804 -1.2112
0.24748 -0.55919
-1.894 1.0141
-2.3213 -2.0712
-1.4476 1.9367
8.288 -0.37388
-15.347 26.283
0 0
0 0

-3.0387 5.6256 0.7841
-38.116 ~12.708 -2.0389
27.685 8.1866 -0.77701
-18.84 -3.802 0.58493
-5.3594 -2.8386 0.92513
-1.0164 0.66214 -10.298
-12.597 -1.5334 -6.3142
-1.7938 -18.526 -0.72806
11.151 -0.069065 -9.0921
5.4786 ~-9.8901 4.1134
1.0974 1.9007 -2.0535
21.463 3.2538 0.26487
4.975 7.089 0.40415
18.446 4.8513 -0.56343
-67.62 -18.56 2.1132
161.51 4.4311 -2.4643
0.0056871 -0.019971 -0.00028302
0.012875 -0.043874 -0.00011129
2.9775 -4.6945 1.9837
-12.529 64 .94 -57.444
-4.4796 -11.711 10.429
4.1663 ~22.071 10.527
-3.0988 -10.928 3.2757
4.1895 -0.08637 -0.082059
2.4602 -3.5524 15.743
~-2.4479 -62.317 -95.309
-54.908 8.9926 8.5951
-133.17 -10.124 23.79
3.3707 -30.128 18.726
1.8672 -4.5338 -0.46137
1.7123 -11.54¢ 8.0469
-5.357 -6.2492 6.0157
~-16.999 48.496 -45.132
1.6847 58.471 -33.137
0.001084 -0.14781 -0.29191
0.0026513 -0.13127 ~0.1058
-4.419 0.0013585 ~0.0072002
-302.33 -0.29548 0.093927
-1984.6 0.096414 -0.073816
-28.4 0.1823 -0.56244
-914.68 0.13434 3.7166
-10.415 3.0514 -0.014789
9.9744 -1.5739 -0.86095
2887.6 -0.2454 -0.13979
2268.2 -1.7195% 0.77527
5776 .4 0.75819 ~0.43547
-2910.5 -0.55124 -0.11427
-1449.7 0.19517 -0.40374
9996.3 ~0.037171 0.34085
-2290.8 0.087226 -0.050565
~587.48 0.32486 -0.063468
-6281.4 2.0286 1.2011
-3.9787 ¢ 0
21.073 ] 0

Fig. A2 Lateral-directional control law for case 1.

Figs. Al and A2, respectively. These data are the outputs displayed
on the MATLAB command window. For the state-space data for
other cases, contact the first author.
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